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lapsed approximately into a common band in the inner region
(y+ <40). An explanation for the deviation of the other two
curves has not been formulated.
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Nomenclature
= specific internal energy
= Mach number
= static pressure
= freestream velocity

u = axial velocity in the shock layer
v = lateral velocity (J_ to freestream) in the shock layer
x,y = nondimensional Cartesian coordinates in terms of leading-

edge radius yQ
p = density
7 = ratio of specific heats = 1.4
e = density ratio across shock, pm/ps
a = angle between shock wave and freestream

Superscripts
' = first derivative with respect to x
" = second derivative with respect to x
'" = third derivative with respect to x

Subscripts
0 = condition at the leading edge
1 = condition at a general point
s = condition at the shock
oo = condition at freestream
b = condition at the body
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Introduction

THE Note presents the formulation and the numerical
results of an integral method, thin-shock-layer analysis.

The solution is obtained by integration of a single ordinary
differential equation, which determines both the shock shape
and surface pressure.

Formulation of the Problem
The integral conservation equations across the shock layer

may be expressed for internal axisymmetric flows between two
axial stations XQ and XL

Continuity:

/
Vb

puydy (1)
sl

Axial Momentum:

(p. + pcot/W - 2/s,2)/2 = f^ (p + pu*)ydy -
pUt)!

J PMbdyi) (2)

Lateral Momentum:
ry^i pxi
I puvydy = I (pm - ps)ysdx (3)

J Vsi J XQ

Energy:

(p/p) v*)/2]ydy (4)

The concept of thin-shock-layer theory stipulates constancy
of flow variables across the shock layer between shock and
body. The pressure and the lateral velocity v are thus as-
sumed to vary only in the axial direction. Following Cher-
nyi1'2 the constant pressure across the layer is assumed to be
equal to its wall value pb. The constant lateral velocity is
taken equal to its value behind the shock

v = vs = Uys'(l - e) =

In addition, u is assumed to be equal to U. This approach is
fully justified in the limit as e -> 0. Chernyi claims reason-
ably accurate results with values as high as 0.3.

The above assumptions, made by Hayes and Probstein3 in
their analysis for external flows, confine the problem to slender
bodies. Two approaches will be considered to overcome this
restriction.

In the first approach, Eq. (5) is determined from the con-
tinuity relationship across an oblique shock, assuming sinV
= 2//2. This assumption underestimates the magnitude of
the first and second derivatives of ysj thus resulting in a
thinner shock layer; vs in Eq. (5) therefore is underestimated.
The assumption u ~ U overestimates u. For large Mm and
inlet angles, the lowering of values of vs is the stronger of the
two effects and hence the pressure in the shock layer is ex-
pected to be overestimated. The exact form of Eq. (5) is:

vJU = 2ys'[l - (1 + y,'*)/(Ma*ys'*)]/[(y + D X
(1 + y/2)] (6)

Substitute Eq. (6) in the exact form of u/U from two-di-
mensional oblique relations to obtain
u/U = 2{[(7 + l)/2]+ (1/Mco2) -

2//VU + y,")}/(7 + 1) (7)
With the aid of Eq. (1) and assuming constancy of flow vari-
ables across the shock layer, Eq. (3) may be differentiated
with respect to x resulting in

(8)(2/o2 -
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Fig. 1 Shock shapes for a) 10° convex body, b) 10° conical
inlet, and c) 10° concave body (Mm = 10.4, 7 = 1.4).

Using Eqs. (1, 2, and 8) and the perfect gas relations, Eq. (4)
may be differentiated with respect to x. The final form of the
improved equation is

ys"' = (Al - B1 + CI + D1 + El - F1)/G1 (9)
where :

Al = (p./p^U^y^ + [(jfo« - y s
z ) / 2 ] { [ l / ( y - D] X

(u'/U) + (u'/U)} + (ybyb
f - ysys'){(u/U)[l/

(7- i)] + (u/U) - i})
BI = (ysys'/2){[(u/u) - ip+ (v,/u)*}
Cl = [(2/o2 - ys*)/2]{[(u/U) - l}(u'/U) + (vs/U)(vs'/U)}
Dl = y,y,'/[y(y - l)Mm*]
El = [(yf - ys*)/2]{(u/U)[l/(y - 1)} +

(u/U) - l}{ys'(vs'/U) + y,"(v,/U) +
(vs7U)(ys'/2)[(y0*/ys*) + 1]}

Fl = Q/s/2)[G/oV*/s2) - l][(yb
2 - 2/*2)/(7 + 1)1 X

{(u/U)[l/(y- 1)] + (u/U) - 1} X

{[Sy.'Wtt + <//2)3Hl -
[2ys'ys"2/(l + 2//2)2][3

[l/(7 - 1)1 +

ys'2)]{(u/U) x
- l}[(2/o2/V) - 1] X

u'/J7 are given by Eqs. (6) and (7) and
their derivatives with respect to #; pb/(pmU2) is given by Eq.
(8). Equation (9) is a third-order ordinary differential equa-
tion, the numerical solution of which determines the shock
shape and the surface pressure. It is singular at the leading
edge and the solution may therefore be started at a small dis-
tance Ax from the leading edge where the shock is assumed
straight and locally two-dimensional.

As a second approach, Eq. (6) is used with the assumption
u ~ U retained as in Ref . 3. Proceeding as in the derivation
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Fig. 2 Surface pressure ratios for Fig. 1 ac
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Fig. 3 Shock shapes for 15° and 26.6° conical inlets
(Moo = 20, 7 = 1.4).

of Eq. (9), the second improved equation is

ys"f = (A2 - B2 + C2 + D2 + E2 - F2)/G2 (10)
The terms in Eq. (10) are identical with those in Eq. (9) ex-
cept for u/U, which is now assumed to be equal to unity; its
derivative u'/U therefore vanishes.

For the purpose of comparison, the original approach by
Hayes and Probstein, for slender bodies, may be written for
internal flows as

(A-B - F)/G (U)
The terms in Eq. (11) are identical with those in Eq. (10) ex-
cept for vs/U and vs /U, which are now given by Eq. (5) and
its derivative, respectively.

Numerical Results and Discussions

Figure la-c refers to three inlets with relatively small sur-
face inclinations to the freestream flow, and the results of the
three Eqs. (9-11) are all identical for Mm = 10.4; Ib refers to
a 10° conical inlet, Fig. la and Ic to inlets 10° initially. The
former decreases by l°/unit length (convex) and the latter
increases by l°/unit length (concave). The shock shapes
are in good agreement with the characteristics results.4 The
surface pressure ratios (Pb/pm) and the range of values for
e(pm/ps) are shown in Fig. 2. The agreement with the char-
acteristics solution is encouraging. The slight discrepancies
in the downstream direction are due to shock-layer thickening,
which violates the assumption of constancy of variables across
the layer. This discrepancy is more significant in the case of
Fig. la, with the thickest layer. The pressure distribution of
the modified shock-layer theory5 is also shown for the conical
inlet. From the point of view of computing time, this method
is not suitable for pressure prediction.

The more severe situations of large shock angles are illus-
trated in Figs. 3 and 4; 3a refers to a 15° conical inlet and Fig.
3b to a 26.6° inlet at Mm = 20. With Eq. (11) the errors in
shock shape and surface pressure were predicted above. The
improvement in shock geometries is noted with Eqs. (9) and
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Fig. 4 Surface pressure ratios for 15° and 26.6° conical
inlets (Mo, = 20, y = 1.4).
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(10). The surface pressure ratios in Fig. 4a,b show a very
good agreement with Eq. (9) near the leading edge. The
slight underestimation with Eq. (10) is most probably due to
the assumption u ~ U, which overestimates total velocities
locally. Further downstream, as the shock wave approaches
the axis of symmetry, locally two-dimensional flow can no
longer be assumed and the pressures with both equations are
overestimated. This effect is a disadvantage for Eq. (9) but
an advantage for Eq. (10). From an over-all point of view
the latter is the most reliable and it is recommended by the
author.

The tendency to overestimate surface pressures toward the
rear with all the three equations is due to either or both
a) shock-layer thickening, and b) deviation from locally two-
dimensional flow, as the shock approaches the axis of sym-
metry. For small ?//2 as in Fig. la-c, the latter effect is neg-
ligible. Furthermore, at distances downstream this situation
rarely occurs because of the formation of a Mach disk followed
by locally subsonic flow. The present method is inapplicable
for such flow conditions.

The average execution time for each of the cases considered
above was about 11 sec on an IBM computer 360/75, running
in a multiprocessing environment.

References
1 Chernyi, G. G., "Application of Integral Relationships in

Problems of Propagation of Strong Shock Waves," Journal of
Applied Mathematics and Mechanics (Prikladnaia Matematika i
Mekhanika), Vol. 24,1960, pp. 159-165.

2 Chernyi, G. G., "Integral Methods for the Calculation of Gas
Flows With Strong Shock Waves," Journal of Applied Mathe-
matics and Mechanics (Prikladnaia Matematika i Mekhanika),
Vol. 25,1961, pp. 138-147.

3 Hayes, W. D. and Probstein, R. F., "Hypersonic Flow
Theory," Inviscid Flows, 2nd ed., Vol. 1, Academic Press, New
York, 1966, pp. 355-366.

4 Sorensen, V. L., "Computer Program for Calculating Flow
Fields in Supersonic Inlets," TN D-2897, 1965, NASA.

5 Lee, B. H. K, "A Modified Shock Layer Theory for Hyper-
sonic Internal Flows," Canadian Aeronautics and Space Institute
Transactions, Vol. 2, No. 2, Sept. 1969, pp. 67-74.

Drag Measurements on Particles in
Compressible Flow by a Light

Extinction Technique
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Nomenclature
CD = particle drag coefficient
CDFD = finite difference determined particle drag coefficient
E = voltage output from light detection circuit (particles

present)
EQ = voltage output from light detection circuit (no particles

present)
dp = particle diameter
ka = extinction coefficient for scattering
ksa = extinction coefficient for scattering plus absorption
I = particle cloud thickness
M = particle Mach number
Re = particle Reynolds number
S — average spacing of particles in cloud in particle diameters
t = time
Ai = time interval after shock front crosses light beam

u = cloud velocity in laboratory coordinates
uc — cloud velocity before acceleration in laboratory coordinates
Up = particle velocity in laboratory coordinates
us = primary shock velocity in laboratory coordinates
x = laboratory spatial coordinate parallel to and increasing in

the direction of primary shock propagation
6 = cloud nonuiiiformity parameter defined below Eq. (3)
p = mass density of gas
pp = mass density of particle cloud
ps = mass density of particle material

Subscripts
1 = immediately upstream of primary shock front
2 = immediately downstream of primary shock front

Introduction

ANUMBER of investigations have been undertaken di-
rected towards the determination of the aerodynamic

drag on clouds of /z-sized particles. Because of the many fac-
tors that can significantly affect the drag on such systems, dif-
ferences between the results of various experimental studies
(generally confined to particle Mach numbers below 0.4)
have occurred. The majority of the more recent drag coeffi-
cient determinations have depended upon a photographic re-
cording of a particle's displacement history during its acceler-
ation1"4 (usually behind the primary shock wave in a shock
tube). Exceptions to these are the study conducted by the
author,5 where the particle acceleration was evaluated by a
light extinction method, and that later carried out by R.udin-
ger6 using a similar technique.

Considering the need for more particle drag data, and noting
that none have been reported in the transonic flow range, it is
felt that the results of the experiments described in Ref. 5 are
of interest. This Note serves to summarize the results of that
study.

Experiment

An externally generated particle cloud, composed of 74-89
ju diam solid glass spheres suspended in air, was continuously
injected downward into a vertically mounted shock tube from
a position just below its diaphragm. The diaphragm was
then ruptured causing a normal shock wave to propagate
through the slowly moving cloud thereby accelerating and
compressing it. Since the rate of cloud compression is a func-
tion of the drag forces that act on the particles, the particle
drag coefficient could be inferred from a measurement of the
cloud density history. Such a measurement was obtained by
passing a parallel monochromatic light beam through the ac-
celerating cloud in a thin plane normal to its direction of mo-
tion. This beam was attenuated by the particles (primarily
due to scattering) so that it emerged with a reduced, cloud
density dependent intensity. The attenuated beam was
focused on the cathode of a photomultiplier tube producing an
anode current that was directly related to the beam intensity.
This current passed through a fixed resistive load, and the vol-
tage drop so produced was displayed and photographically re-
corded on an oscilloscope. The initial pressure and initial
temperature in the driven tube, together with the shock speed,
were also measured in a conventional manner. The Reynolds
number was varied by changing the initial pressure in the
driven tube.

Analysis

The voltage output from the light detection circuit was re-
lated to the cloud density through7

E/EQ = exp[-(3ks,salpp)/(2psdP)] (1)
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The data reduction equation was obtained by combining Eq.
(1) with the familiar one-dimensional equations of motion for
particle-gas flows.8 Assuming 1) the particle size was uni-
form, 2) the shock speed us was constant, 3) the particles and


